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Resume. We construct a function u £ Wl^l(B(Q, 1)) which is a solution 
to div(AVit) = in the sense of distributions, where A is continuous and 
u ^ W^^^{B{Q, 1)) for p > 1. We also give a function u £ Wl^l{B{Q, 1)) 
such that u € W^^^{B{Q, 1)) for every p < oo, u satisfies Aw{AVu) — 
with A continuous but u Wi^^{B{0, 1)). 



1. Introduction 

Consider the equation 

(1) -div^Vn = inn, 

for n C R". If A : n ^ j^nxn jg bounded, measurable and elliptic, i.e., there 
exists A, A G R^, such that for every x G 17, A{x) is a symmetric matrix, and 



\iV<{A{x)i)-i<m 



then one can define a weak solution u G W^ioc (^) by requiring that for every 

I (AVu) ■Vip = 0. 
Jn 

We are interested in the regularity properties of u. A fundamental result 
of E. De Giorgi |3] states that if u G W^^^{Q), then u is locally Holder 
continuous. In particular, u is then locally bounded. In the same direction, 
N. G. Meyers [8] also proved that u G Wj^'^(O) for some p > 2. 

J. Serrin [9] showed that the assumption u G W^^^{n) is essential in E. De 
Giorgi's result by constructing for every p G (1,2) a function u G W^^^{Q.) 
that solves such an elliptic equation but which is not locally bounded. In 
these counterexamples A is not continuous. J. Serrin p] conjectured that if 
A was Holder continuous, then any weak solution u G W^^^{n) is in W^^^{n), 
and one can then apply E. De Giorgi's theory. 

This conjectured was confirmed for u G W^'P{Q) by R. A. Hager and J. 
Ross [4] and for u G W^'^{Q) by H. Brezis [HE]. The proof of Brezis extends 
to the case where the modulus of continuity of A 

(2) uJA{t)= sup \A{x)-A{y)\, 

\x-y\<t 
1 
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satisfies the Dini condition 

as < oo. 

s 

In the case where A is merely continuous, H. Brezis obtained the following 
result 

Theorem 1.1 (H. Brezis [HE]). Assume that A e C(1^;R''^") is elliptic. If 
u G W^iof(^^) solves ([TJ, then for every q G [p,+oo), one has u G Wl^^{Vl). 

H. Brezis asked two questions about the cases p = 1 and g = oo in the 
previous theorem. We answer both questions, with a negative answer. First 
we have 

Proposition 1.2. There exists u G Wj^'^^(i?(0, 1)) and an elliptic A G 
C(-B(0,1);R"^") such that u solves (H}, hut u wl^^{B{{},l)) for every 
p> 1. 

As a byproduct, we obtain 

Proposition 1.3. There exists A G C{B{0, 1); R"^") such that the problem 

J - div(^V'u) = m 5(0,1), 
j n = on 55(0,1). 

has a nontrivial solution. 

Our construction in Proposition 11.21 allows in fact to show that the coun- 
terexamples can be improved 

Proposition 1.4. There exists u G Wl^l{B{Q,l)) and an elliptic A G 
C(5(0,1);R"^") such that u solves ^, Du G (L log L)ioc(5(0, 1)) hut u 
W/^f (5(0, 1)) for every p>l. 

In particular, in this case, Du belongs locally to the Hardy space TL^ (see 

m)- 

Concerning the possibility of Lipschitz estimates, we have 

Proposition 1.5. There exists u G wl^l{B{Q,l)) and an elliptic A G 
C(5(0, 1);R"^'') such that u solves Du (^wl^l{B{{),l)) for every p > I, 
Du G BMOioc(5(0, 1)) hut u Wl^'^{{B{{), 1)). 

This shows that Du G LP(5(0, 1)) does not imply Du G L°^(5(0, 1/2)), 
one can wonder whether it implies that Du G BMO(5(0, 1/2)). The answer 
is still negative 

Proposition 1.6. There exists u G Wl^l{B{Q,\)) and an elliptic A G 
C(5(0,1);R"^") such that u solves u G VF^^f (5(0, 1)) for every p G 
(l,cx)) hut Du ^BMOiociB (0,1)). 

The construction of the counterexamples are made by explicit formulas, 
inspired by the construction of J. Serrin [9|. They can also be obtained from 
asymptotic formulas of V. Kozlov and V. Maz'ya [6l[7]. 
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2. The pathological solutions 
Our counterexamples rely on the following computation 
Lemma 2.1. Letv G C^{{0,R)) anda G C^{{0,R)). Define A{x) = (ajj (x))i<i<„ 
by 

X 2 X J 



aij{x) = 5ij + a{\x\)^5, 
Then for every x e B{0,R)\ {0}, 



div {A{x)Vixiv{\x\))) = xi(v"{\x\) + "^^^vWxD - !^a(|a;I)i>(Ix|)) 



Remark 1. If P is a homogeneous harmonic polynomial of degree k, the 
formula generalizes to 

(6) div{A{x)V{Pix)v{\x\))) 

= P{x)(v"i\x\) + '' + ,^^"^ ^(1x1) - '^t±^^a{\x\)vi\x\)). 
\ \x\ / 

Proof of Proposition Choose /3 > 1, and define for some ro > 1, for 
re (0,1), 

One takes then 

. . , , r^v"{r) + {n + l)rv'{r) ^ -f3n /?(/? + 1) 

{n-l)v{r) -(n-l)log^ + („_i)(iogm)2- 

One can take tq large enough so that a > — ^ on (0, 1) ; the coefficient matrix 
A is then uniformly elliptic. Define now u{x) = Xiv{\x\). One checks that 
u G T^i'i(B(0,l)) and that M is a weak solution of ([I]). Indeed, it is a classical 
solution on -6(0, 1) \ {0} by the previous lemma. Taking, ip G Cl{B{^,l)) 
and p G (0, 1), and integrating by parts we obtain 



f • (^Vu) = - / ifVu ■ {A-] 

Jb{0,1)\B{0,p) JdB{0,p) P 



X 



ipVu ■ — 

dB{0,p) P 

dB{0,p) ^ P ' 

(^(x)-(^(0))xi(^+t;'(p)). 

Since G C^(i3(0, 1)), one has 

Vp-{AVv) <Cp'\\v{p)\^p\v\p)\), 



\b[ 



lB{0,l)\B{0,p) 

since the right-hand side goes to as p — > 0, u is a weak solution. □ 
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Remark 2. The examples constructed in the case of merely measurable co- 
efficients by J. Serrin [9\ to show that a solution u G W^iof (^) need not be 
in W^ioc (f^) and by N. G. Meyers [8] to show that for every p > 2, that a 
solution in W^^^{Q.) need not be in W^^^{^) can be recovered with the same 
construction, by taking v{r) = r". The ellipticity condition requires a < n — 1 
or a > 1. This covers all the cases when n = 2 ; a descent argument finishes 
the construction in higher dimension. 



Proof of Proposition \1.4\ One checks that the counterexample constructed 
in the proof of Proposition 11.41 satisfies Du € L log L(i?(0, 1)) when (5 > 
2. □ 

Similar examples can be obtained following the results of V. Kozlov and 
V. Maz'ya 0. By (4) therein, if ^ G C(S(0, 1); R"^"), A{Rx) = RA{x)R 
where R is the reflection with respect to the xi variable and A satisfies some 
regularity assumptions, then the equation — div(AVn) = has a solution 
that is odd with respect to the xi variable and that behaves like 

T-^exp(/ n{y)dy] 

FI B{0,l)\B{0,\x\) ' 

around 0, where Tl is defined following [71 (3)j3 

(9) 

^ (ei • {A{x) - A(0))ei)(3; • A{^)-^x) - n(ei • {A{x) - yl(0))^(0)-ix)(ei • x) 
|95(0,l)||detA(0)|^(x- A(0)-ix)t+i 

Taking A as in Lemma l2.ll with lim^^n a(r) = 0, one has 7^(x) = a([x|)([xp — 
xi^)/(|5i3(0, 1)1 |x|""''^). Therefore, there is a solution that behaves like 

xi ,n — \ f^ dr 



X 



,n — If,, dr, 
■exp( / a(r)— ). 



In particular, if one takes a{r) = —fin/ ((n — 1) log ■^), one obtains a solution 
that behaves like |^(log ^)~^. One could also take ajj(x) = Sij-\-K{\x\){5ij — 

n5ii5jij^) and continue the computations with now lZ{x) = k{\x\){\x\^ — 
nxi2)2/(|aS(0,l)||x|"+2). 

Proof of Proposition \1.3\. Let u be given by the proof of Proposition 11.21 
Notice that u is smooth on 55(0,1). Since A is bounded and elliptic, the 
problem 

J - div(ylVtt;) = in 5(0, 1), 
y w = u on 95(0,1). 

has a unique solution mw€ W^''^{B{0, 1)). Since u W^''^{B{0, 1)), w. 
Hence, u — w & W^'^{B{0, 1)) is a nontrivial solution of ([4}. □ 

Proof of Proposition \1.5l Take for r £ (0, 1), 

(10) v{r) = log — 



^The reader should correct the misprint in [3 (3)] and read ^\ instead of |S" 
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(11) ,^,„„r.o 



and 

1 - (n + 1) _ -n 
(n - 1) log ^ ~ (n - 1) log ^ ' 

where ro is chosen so that a{r) > — ^ on (0, 1). Defining u{x) = xiv{\x\), one 
checks that Du G w/^f (5(0, 1)), L>u G BMO(S(0,1)), u ^ W^^°°{B (0,1)) 
and that u solves in the sense of distributions. □ 

As for the previous singular pathological solutions, similar examples can 
be obtained from results of V. Kozlov and V. Maz'ya for solutions [6j. By (4) 
therein if A e C{B{0, 1); R"^"), A{Rx) = RA{x)R where R is the reflection 
with respect to the xi variable and A satisfies some regularity assumptions, 
then the equation — div(AVn) = has a solution in W^''^{B{Q,1)) that is 
odd with respect to to the xi variable and that behaves like 

j;iexp(- / n{y)dy) 
^ Jb(0,1)\B(0,|x|) ^ 

around 0, where IZ is given by ([H). Taking A as in Lemma [2711 with a{r) = 
^^(log^)~^ one recovers the counterexample presented above. 

Proof of Proposition \1.6l Define for r G (0, 1), 

v{r) = (log^)^ 

and 

, , -2n 

«('^) = 7Z — TTTrrr^ + 



(n-l)log^ („_l)(logm)2- 

Defining u{x) = xit;(|x|), one checks that u G W^'^{B{0, 1)) for every p > I 
and that u solves ^ in the sense of distributions. One checks that for every 
c > 0, ex.p{c\Du\) L^{B{0, ^)) ; hence by the John-Nirenberg embedding 
theorem [5] (see also e.g. [Ill Chapter 4, §1.3]), Du ^ BMO(S(0, i)). □ 
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